In this paper we offer new results of research presented in the referred papers of J.E. Fornaess and E.L. Stout, E. Ligocka and the authors, and concerning the existence of m-valent locally biholomorphic mappings from product domains of C n onto n-dimensional complex manifolds. In particular, we confirm an own conjecture about the estimation of the valentness m of locally biholomorphic mappings from multi-connected domains onto the open unit disc.
Introduction
When starting the studies of biholomorphic mappings in C n , we immediately meet a serious obstacle: a biholomorphic mapping of the open unit polydisc Δ n onto the open Euclidean ball B n does not exist (Poincare Theorem [9] ). The obstacle disappears when we include locally biholomorphic mappings into our considerations. For instance, Fornaess and Stout [2] have proved that for every n-dimensional paracompact complex manifold Y there exists a locally biholomorphic and mvalent, m 2 + (2n + 1)4 n , mapping f from the open unit polydisc Δ n onto Y , hence also onto the ball B n . Note that m-valence, m ∈ N, of a mapping f from X onto Y means that for every y ∈ Y the fibre { f −1 (y)} has no more than m elements.
In 2003 Ligocka [8] replaced the polydisc Δ n in Fornaess-Stout theorem by a Cartesian product In papers [6, 7] and [10] we have considered the problem of decreasing the constant 24 for a wider class of domains (domains with isolated boundary fragments). There exist domains with isolated boundary fragment of third type, those cannot be mapped onto Δ locally biholomorphically and finitely valently. An example of that domain is C \ {0}, because each such mapping has an isolated singularity z = 0, which is impossible.
However, for the domains with an isolated boundary fragment of type (I) and (II), in [6] we have proved: In the same paper we have also given the following conjecture:
Conjecture. (See [6] .) The constant 5 from Theorem A can be replaced by the constant 3.
In connection with this conjecture in [7] we have proved the inequality m 4. On the other hand, the second author has
shown [10] that the constant m = 5 cannot be replaced by a constant m < 3, which means that there exist domains D with an isolated boundary fragment of type (I) and also of type (II) that cannot be mapped onto Δ locally biholomorphically and less than 3-valently. From this and from the main theorem of the present paper it follows that the above conjecture is true.
Therefore, every domain D with isolated boundary fragments of type (I) and (II) can be mapped onto the disc Δ locally biholomorphically and 3-valently and the constant 3 cannot be decreased in the considered class of domains. The mapping
with parameter a ∈ (−1, 1) sufficiently close to 1, transforms the domain Δ \ B into the domain Δ ∩ B .
Then the mapping
r . Now let us consider the function
In [6] we have proved that f is 3-valent in the open upper half-plane Π + and f (Ω) = Π + , where
π , the function f is locally biholomorphic in D 1 .
Therefore, the function It remains to map Π + biholomorphically onto disc Δ. Since ∂ G = γ ∪ Γ is a Jordan curve, all points of the boundary ∂ G are attainable from the domain G. Of course, γ * is the homeomorphic image of γ and all points of γ * are attainable from the domain G * . Since the set of points that correspond to points of ∂ G * available from G * , is dense everywhere in γ ∪ Γ (see [4, Chapter II, §3]), then there exist at least two points ζ 1 , ζ 2 ∈ ∂ G * \ γ * , available from the domain G * . From this it follows that ζ 1 , ζ 2 ∈ R.
Let T 1 , T 2 ⊂ G * be two disjoint Jordan arcs, with ends in ζ 1 , ζ 2 , respectively. Then there exists a Jordan arc T 3 ⊂ G * that joins other ends of T 1 , T 2 in such a way that T 1 ∪ T 2 ∪ T 3 will also be a Jordan arc.
Thus, in a domain G * ⊂ G * bounded by the Jordan curve
, there exists a semi-disc with the centre z 0 ∈ R and the diameter included in R. In supplement to the above corollaries note that in paper [3] there is information that in Bushnell paper [1] the constant (2n + 1)4 n + 2 is replaced by the constant (2n + 1) 2 + 1.
